For a connected, locally path connected space X, let H be a subgroup of the fundamental group of X, π 1 (X, x). We show that there exists an open cover U of X such that H contains the Spanier group π(U, x) if and only if the core of
Introduction and motivation
The motivation of this paper is the following interesting classical theorem of Spanier [9, Theorem 2.5.13] for the existence of covering spaces: Theorem 1.1. For a connected, locally path connected space X, if H is a subgroup of π 1 (X, x) and there is an open cover U of X such that π(U, x) ≤ H, then there exists a covering p : X −→ X such that p * π 1 ( X,x) = H.
Since for a locally path connected and semilocally simply connected space X there exists an open cover U such that π(U, x) = 1, for a point x ∈ X, the existence of simply connected universal covering follows from the above theorem.
We recall from [8] that the Spanier group π(U, x) with respect to the open cover U = {U i |i ∈ I} is defined to be the subgroup of π 1 (X, x) which contains all homotopy classes having representatives of the following type:
where u j are arbitrary paths starting at x and each v j is a loop inside one of the open sets U j ∈ U.
One of the main objects of this paper is to find conditions on a subgroup H of π 1 (X, x) under which there is an open cover U of X such that π(U, x) ≤ H. In Section 2 without using Theorem 1.1, we show that every open normal subgroup H of the quasitopological fundamental group π qtop 1 (X, x) satisfies the above property. Then using this fact we obtain a weaker condition on the subgroup H in order to satisfies the above property. In fact, we prove that for every subgroup H of π 1 (X, x) with open core in π qtop 1 (X, x) there is an open cover U of X such that π(U, x) ≤ H. We also give an example to show that locally path connectedness of X is essential for the above result. Later in Section 3, we show that if the subgroup H contains a Spanier group, then its core, H π 1 (X,x) , is open in π qtop 1 (X, x). We recall that the quasitopological fundamental group π qtop 1 (X, x) is the quotient space of the loop space Ω(X, x) equipped with the compact-open topology with respect to the function Ω(X, x) −→ π 1 (X, x) identifying path components (see [2] ). It should be mentioned that π qtop 1 (X, x) is a quasitopological group in the sense of [1] and it is not always a topological group (see [3, 7] ). Also we recall from [5] that the topological fundamental group π τ 1 (X, x) is the fundamental group π 1 (X, x) with the finest group topology on π 1 (X, x) such that the canonical function Ω(X, x) −→ π 1 (X, x) identifying path components is continuous. It should be mentioned that π (X, x). Biss [2, Theorem 5.5] showed that for a connected, locally path connected space X, there is a 1-1 correspondence between its equivalent classes of connected covering spaces and the conjugacy classes of open subgroups of its fundamental group π 1 (X, x).
There is a misstep in the proof of the above theorem. In fact, Biss assumed that every fibration with discrete fiber is a covering map which is not true in general. We give an example (Example 4.2) to show that the above classification of connected covering spaces does not hold. Recently, Brazas and Fabel [6, Theorem 46] gave a classification for the equivalence classes of connected coverings of a connected, locally path connected, paracompact and Hausdorrf space X based on the cojugacy classes of open subgroups of π 1 (X, x) with the shape topology. In Section 3, first we introduce a path open cover V of a pointed space (X, x) and also the path Spanier group π ( V, x) with respect to V. Then we show that π ( V, x) is an open subgroup of π qtop 1 (X, x) and using this fact we give a necessary and sufficient condition for a subgroup of π 1 (X, x) to be open in π qtop 1 (X, x). Second, using these facts and the main results of Section 2, we present a suitable true classification of connected covering spaces with respect to the Biss's ones and an extended classification with respect to the Brazas and Fabel's ones as follows which is the second main object of the paper.
For a connected, locally path connected space X, there is a 1-1 correspondence between its equivalent classes of connected covering spaces and the cojugacy classes of subgroups of its fundamental group π 1 (X, x), with open core in π qtop 1 (X, x). Brazas [4, Definition 3.1] introduced the notion of semicovering map as a local homeomorphism with continuous lifting of paths and homotopies. He [4, Proposition 3.7] showed that every covering is a semicovering but the converse is not true in general. In fact, he [4, Example 3.8] showed that there is a semicovering and hence a Serre fibration of the Hawaiian earring with discrete fiber which is not a covering. Brazas [4, Corollary 7 .20] also gave a classification for connected semicoverings and asserts that for a connected, locally wep-connected space X there is a Galois correspondence between its equivalence classes of connected semicovering spaces and the conjugacy classes of open subgroups of its topological fundamental group π τ 1 (X, x). In Section 4 using this classification, we extend the well-known result of Spanier, Theorem 1.1, to connected semicoverings.
Brazas [4, Corollary 7.2] proved that for a connected, locally path connected and semilocally simply connected space X, the category of all semicoverings of X, SCov(X) is equivalent to the category of all coverings of X, Cov(X). He also raised a question that if there are more general conditions guaranteeing SCov(X) Cov(X). The last object of the paper is to find weaker conditions than semilocally simply connectedness under which every semicovering is a covering. As the final main result of Section 4, we show that for a connected, locally path connected and semilocally small generated space X, every semicovering of X is a covering space. We recall from [10] that a space X is semilocally small generated if for every x ∈ X there exists an open neighborhood U of x such that i * π 1 (U, x) ≤ π sg 1 (X, x), where i * is the induced homomorphism from the inclusion i : U → X and the small generated subgroup π sg 1 (X, x) is the subgroup generated by the following set
where P (X, x) is the space of all paths from I into X with initial point x and π s 1 (X, α (1)) is the small subgroup of X at α(1) (see [11] ).
Relation between open subgroups and Spanier groups
The following theorem gives a sufficient condition on an open subgroup in order to contain a Spanier group. Proof. First we show that for every y in the path component of X containing x,
−1 ≤ H for all path λ from x to y, where i * is the induced homomorphism from the inclusion i : V → X. To prove this, let α be a path from x to y.
are linear homeomorphisms with ϕ 1 (1/2) = 0 and ϕ 2 (1/2 + δ/2) = 1/2. By gluing lemma, f is continuous and hence it is a loop such that 
Since X is locally path connected, we can replace V with a path connected neighborhood V y .
Put U = {V y |y ∈ X}. We show that π(U, x) ≤ H. let [α * β * α −1 ] be a generator of π(U, x), where β is a loop in V y for some y ∈ X. Since V y is path connected, there is a path γ in V y from y to α(1). Hence [α * β * α
In the following example, we show that locally path connectedness is an essential hypothesis in Theorem 2.1. We recall from group theory that for any subgroup H of a group G, the core of H in G, denoted by H G , is defined to be the join of all the normal subgroups of G that are contained in H. It is easy to see that H G = g∈G g −1 Hg which is the largest normal subgroup of G contained in H. Using this notion the following corollary is a consequence of Theorem 2.1. Corollary 2.3. If X is a locally path connected space and H is a subgroup of π 1 (X, x) such that the core of H in π 1 (X, x) is open in π qtop 1 (X, x), then there exists an open cover U such that π(U, x) ≤ H.
A classification of covering spaces
In order to present a suitable classification of covering spaces we introduce the following concepts.
Definition 3.1. Let (X, x) be a pointed space. By a path open cover of (X, x) we mean an open cover V = {V α |α ∈ P (X, x)} of X such that α(1) ∈ V α for every α ∈ P (X, x). We also define the path Spanier group π(V, x) with respect to the path open cover V to be the subgroup of π 1 (X, x) which contains all homotopy classes having representatives of the following type:
where u j are arbitrary paths starting at x and each v j is a loop inside V u j for all i ∈ {1, 2, ..., n}.
The following theorem gives an important property of the path Spanier groups. Proof. It suffices to show that q −1 ( π (V, x) ) is an open subset of Ω(X, x), where
is defined by γ(s) = ts for every s ∈ I. The sets α −1 (V αt ), t ∈ I, form an open cover of I. Since I is compact and t ∈ α −1 (V αt ) for every t ∈ I, there is a finite set {a 0 = 0, a 1 , ..., a n = 1} ⊆ I such that for each 1 ≤ n ≤ N , I n = [a n−1 , a n ] ⊆ α −1 (V αt n ) for some t n ∈ I n . Note that for every n ∈ {1, 2, ..., N }, [α a n−1 ](i * π 1 (V αt n , α(a n−1 )))[α a n−1 ]
For every 1 ≤ n ≤ N , put V n = V αt n and for every 1 ≤ n ≤ N − 1 consider U n to be the path component of V n ∩ V n+1 containing α(a n ), so α(a n ) ∈ U n ⊆ V n ∩ V n+1 ⊆ X.
Since X is locally path connected, U n is open. Consider the basic open set
By construction, α ∈ W. It remains to show that W ⊆ q −1 ( π (V, x) ). Let β ∈ W, then by definition of W we have β(I n ) ⊆ V n , for each 1 ≤ n ≤ N , and β(a n ) ∈ U n , for each 1 ≤ n ≤ N − 1. For every 1 ≤ n ≤ N , put β n = β • ϕ n , where ϕ n : I −→ I n is a linear homeomorphism such that ϕ n (0) = a n−1 . Also, for every 1 ≤ n ≤ N −1, let λ n : I −→ U n be a path from α(a n ) to β(a n ) by path connectivity of U n . By definitions of β n and λ n 's, β 1 * λ
is a loop in V 1 based at x and hence [β 1 * λ
Similarly,
Using the above theorem, we can give a necessary and sufficient condition for a subgroup of π 1 (X, x) to be open in π qtop 1 (X, x). Proof. For every y ∈ X let U y be an element of cover U involve y. Consider V α = U y for every α ∈ P (X, x) with α(1) = y. Hence π(V, x) ≤ π(U, x) where V = {V α |α ∈ P (X, x)}. Therefore π (U, x) is open since π(V, x) is an open subgroup. Now we are in a position to give a necessary and sufficient condition for a subgroup of the fundamental group X to contain a Spanier group of X. The following classification of connected coverings of locally path connected spaces is a consequence of Corollary 3.6 and Theorem 1.1 which is the main result of this section. (X, x). Now assume that the Biss's classification of connected coverings holds, then there exists a covering q : Y −→ X such that p * π 1 ( Y ,ỹ) = H. Since every covering is a semicovering, q : Y −→ X is a semicovering which implies that p : X −→ X and q : Y −→ X are equivalent as semicoverings. Therefore p : X −→ X is a covering which is a contradiction.
Brazas [4, Corollary 7.2] proves that for a connected, locally path connected and semilocally simply connected space X, the category of all semicoverings of X, SCov(X) is equivalent to the category of all coverings of X, Cov(X) . He also raises a question that if there are more general conditions guaranteeing SCov(X) Cov(X). The last object of the paper is to find weaker conditions than semilocally simply connectedness under which every semicovering is a covering. First, we state the following note which seems interesting. (X, x), there exists a covering p : X −→ X such that p * π 1 ( X,x) = H for somex ∈ X.
Using the above remark we can prove the final main result of the paper. 
